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1. Fabio Bagarello
Title: Bi-coherent states for pseudo-bosons and other stuff
Abstract: In connection with pseudo-bosons (PBs) we introduce the notion of “bi-coherent
states” and consider some of their properties, both for the simple case of regular and for ordinary
PBs. In particular we show how and when the usual properties of coherent states are recovered
in these cases. We also discuss a deformed version of the Black-Scholes equation, originally
proposed by Baaquie and later analyzed by Jana and Roy, which can be described in terms of
pseudo-bosonic operators, linear or not.

2. Carl M. Bender
Title: Some new results on PT symmetry
Abstract: The study of PT -symmetric physical systems began in 1998 as a complex gener-
alization of conventional quantum mechanics, but beginning in 2007 experiments began to be
published in which the predicted PT phase transition was clearly observed in classical rather
than in quantum-mechanical systems. This talk examines the PT phase transition in mathe-
matical models of antigen-antibody systems. A surprising conclusion that can be drawn from
these models is that a possible way to treat a serious disease in which the antigen concentration
is growing out of bounds (and the host will die) is to inject a small dose of a second (different)
antigen. In this case there are two possible favorable outcomes. In the unbroken-PT -symmetric
phase the disease becomes chronic and is no longer lethal while in the appropriate broken-PT -
symmetric phase the concentration of lethal antigen goes to zero and the disease is completely
cured.

3. Raymond F. Bishop
Title: Journeys to and in Quantum Phase Space: Extended Quantum Phase-Space Formulations
of Quantum Many-Body Theory and Quantum Information Theory
Abstract: A complete description of quantum information theory needs to incorporate simulta-
neously at least three important concepts or principles, namely: (a) quantum entanglement, (b)
quantum coherence versus decoherence (i.e., in the presence of dissipation), and (c) the quantum-
classical limit (or quantum-classical interface). We discuss how the concept of quantum phase
space can be enlarged to provide just such a unified and consistent description. Quantum phase-
space methods and, especially, such quantum phase-space distribution functions as the P -, Q-,
Wigner and Weyl functions, have played an important role over many years in quantum mechan-
ics and such allied areas as quantum optics. We introduce here in a very fundamental manner
a natural hierarchy of extended quantum phase spaces and associated extended distribution func-
tions with the capacity to describe simultaneously both quantum noise and quantum correlations
at increasingly higherorder levels. We show further how the extended phase-space formalism pro-
vides valuable insights into the important issue of quantum versus classical correspondence, and
also how it has extremely appealing properties for a consistent description of quantum infor-
mation theory. At the next-to-lowest (x-p-X-P ) level in the extended hierarchy the description
of mixed states becomes unified, and a very convenient means is opened up, for example, to
discuss together, and on the same footing, the ordinary Wigner and Weyl functions, W (x, p) and

Ŵ (X,P ) respectively, of a quantal system. The doubling of the number of degrees of freedom,
which, rather surprisingly, has its roots in classical mechanics, has strong overlaps with a similar
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feature of thermo-field dynamics, and hence with the treatment of quantum systems subject to
thermal noise.

4. Juraj Boháčik
Title: Propagator for quartic oscillator with time dependent parameters
Abstract: We are going to discus an analytical evalution of the conditional Wiener measure path
integral defined as

W =

∫
[Dϕ(τ)] exp (−E[ϕ]), (1)

where

E[ϕ] =

β∫
0

dτ

[
c(τ)/2

(
∂ϕ(τ)

∂τ

)2

+ b(τ)ϕ(τ)2 + a(τ)ϕ(τ)4

]
, (2)

where c(τ), b(τ), a(τ) are functions of the time. We follow the definition of the functional integral
as continuum limit of finite dimensional time-sliced integral. The finite dimensional integral is
expressed in terms of the parabolic cylinder functions.

The talk is based on a joint work with Peter Prešnajder and Peter Augustin.

5. Dorje Brody
Title: Quantum Thermodynamics
Abstract: In this talk I will derive the equation of state for a system of weakly interacting
quantum particles in the thermodynamic limit. Surprisingly this turns out to be the canonical
equation of state, thus establishing rigorously the equivalence of the microcanonical and the
canonical distributions for such systems. The result entails some unexpected consequences for
the foundations of quantum statistical mechanics.

6. Emanuela Caliceti
Title: An existence criterion for the PT -symmetric phase transition in higher dimension
Abstract: We consider in L2(Rd), d > 1, the Schrödinger operator family H(g) with domain and
action defined as follows

D(H(g)) = H2(Rd) ∩ L2
4(Rd);

H(g)u = [−
d∑
j=0

d2

dx2j
+

d∑
j=0

x4j + a

d∑
j,k=0

(xj − xk)2 + g

d∑
j=0

xj ]u

where g ∈ C, a > 0. If g ∈ R, H(g) is self-adjoint, while H(ig) is PT -symmetric. We prove
that H(ig) exhibits the so-called PT -symmetric phase transition. Namely, for the ground state
eigenvalue E0(ig) of H(ig) there exists R > 0 such that E0(ig) is real for |g| < R and turns into
a pair of complex conjugate eigenvalues at |g| = R.
This result extends to any finite dimension the result obtained in [1] for the one-dimensional
case. Thus it admits the interpretation of a φ4 two-dimensional scalar quantum field theory,
with ultraviolet cut-off, exhibiting a spontaneous PT -symmetry breaking.

The talk is based on a joint work with Sandro Graffi.
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7. Francisco Correa
Title: Regularized degenerate multi-solitons
Abstract: We report complex PT-symmetric multi-soliton solutions to the Korteweg de-Vries
equation that asymptotically contain one-soliton solutions, with each of them possessing the
same amount of finite real energy. We demonstrate how these solutions originate from degenerate
energy solutions of the Schrödinger equation. Technically this is achieved by the application of
Darboux-Crum transformations involving Jordan states, or alternatively from a limiting process
of Hirotas direct method or Bäcklund transformations. The proposed procedure is completely
generic and also applicable to other types of nonlinear integrable systems.

8. Pavel Exner
Title: A small step for the coupling constant but a giant leap for the spectrum
Abstract: The aim of this talk is to analyze several classes of Schrödinger operators with po-
tentials that are below unbounded but their negative part is localized in narrow channels. They



have the common property that they exhibit an abrupt parameter-dependent spectral transi-
tion: if the coupling constant exceeds a critical value the spectrum will cover the whole real axis,
corresponding to the particle escape to infinity. This behavior was rediscovered several times
independently, probably the earliest publication in which it is described belongs to Miloslav Zno-
jil in 1998. The simplest example is represented by the so-called Smilansky model devised to
illustrate that an irreversible behavior is possible even if the heat bath to which the systems
is coupled has a finite number of degrees of freedom. We review its properties and analyze a
regular version of this model, as well as another system in which xpyp potential is amended by a
negative radially symmetric term; in the latter case the subcritical spectrum is purely discrete.
The results come from a common work with Diana Barseghyan, Vladimir Lotoreichik and Miloš
Tater.

9. Joshua Feinberg
Title: Self-Adjoint Wheeler-DeWitt Operators, the Problem of Time and the Wave Function of
the Universe
Abstract: We present self-adjoint extension of a 1d Schrödinger operator with −x4 potential, and
show how to apply it to a problem in quantum cosmology. To this end, we discuss minisuperspace
aspects a non empty Robertson-Walker universe containing scalar matter field. The requirement
that the Wheeler-DeWitt (WDW) operator be self adjoint is a key ingredient in constructing the
physical Hilbert space and has non-trivial cosmological implications since it is related with the
problem of time in quantum cosmology. Namely, if time is parametrized by matter fields we find
two types of domains for the self adjoint WDW operator: a non trivial domain is comprised of
zero current (Hartle-Hawking type) wave functions and is parametrized by two new parameters,
whereas the domain of a self adjoint WDW operator acting on tunneling (Vilenkin type) wave
functions is a single ray. On the other hand, if time is parametrized by the scale factor, both
types of wave functions give rise to non trivial domains for the self adjoint WDW operators, and
no new parameters appear in them. (This talk is based on an old published work with Yoav
Peleg.)

10. Eva-Maria Graefe
Title: Quasiclassical analysis of Bloch oscillations in non-Hermitian tight-binding lattices
Abstract: The realisation of PT-symmetric quantum dynamics in optical systems has opened
up a whole new field of investigations. In this context, periodic potentials play an important
role. One of the most striking phenomena of unitary quantum dynamics in periodic potentials
is the occurrence of Bloch oscillations; if a static force is applied to a periodic lattice, instead of
being transported in the direction of the force, quantum particles perform oscillations. Recently
the effect of static forces and the modification of Bloch oscillations in PT-symmetric and more
general non-Hermitian lattices has been investigated both theoretically and experimentally. In
the unitary case, despite their counterintiuitive nature, Bloch oscillations can be understood on
the basis of a simple quasiclassical argument building on Hamilton’s equations of motion. Many
features of the exact quantum dynamics can be qualitatively recovered from such a quasiclassical
description. The dynamics of the classical counterpart of non-Hermitian quantum systems,
however, is more subtle. In this talk we demonstrate how a classical dynamics derived from the
propagation of wave packets in the semiclassical limit is capable of describing the main features
of Bloch-oscillations even in the non-Hermitian case.

11. Uwe Guenther
Title: From Landau-Ginzburg to PTQM
Abstract: t.b.a.

12. Dieter Heiss
Title: Three coupled wave guides and third order exceptional points
Abstract: A PT-symmetric model for three interacting wave guides is investigated. Each wave
guide is represented by an attractive delta-function potential being in equi-distant positions. The
two outer potentials are complex describing loss and gain, respectively. The real parts of the
outer potentials are assumed to be equal. The major focus of the study lies on the occurrence
of an exceptional point of third order and the physical effects of such singularity. While some
results resemble those from similar studies with two wave guides, the three wave guides appear
to have a richer structure. Emphasis is placed on the fine tuning in the approach of the EP3 as



this appears to be a particular challenge for an experimental realization. Jointly with Guenter
Wunner, Stuttgart.

13. Daniel Hook
Title: A study Hamiltonians with a logarithmic dependence
Abstract: This talk will report on the practical issues surrounding the handling of logarithmic
terms in both classical mechanical and quantum mechanical computational methods. Examples
from https://arxiv.org/abs/1506.01970 are explored in detail.

14. Vı́t Jakubský
Title: Dispersionless wave packets in Dirac systems
Abstract: We consider a class of quantum systems where dispersionless wave packets can exist.
These wave packets have soliton-like behavior; they move with uniform speed and do not change
their shape. Intimate relation between the spectrum of the Hamiltonian and their existence is
discussed. We show that they can be hosted by the systems described by low-dimensional Dirac
equation. An illustrative example is presented.

15. Yogesh Joglekar
Title: PT breaking transitions in dissipative two-level Floquet system
Abstract: Recent years have seen a surge of interest in non-equilibrium open systems that are
governed by a time-periodic, or Floquet, Hamiltonian. For the well-studied Hermitian case, the
resultant Floquet exponents are real, and independent of the frequency of the driving force. I
will discuss the behavior of a dissipative two-level quantum system with time-periodic loss. This
problem, formally, maps onto a PT-symmetric Rabi model and is experimentally realized in a
fermionic cold atomic gas. I will present the signatures of PT symmetry breaking transitions
at low frequencies (the static limit) and at low driving strengths (the resonance limit), and
discuss the effects of decoherence on the system. These results suggest that Floquet behavior of
non-Hermitian operators in general, and PT-symmetric ones in particular, is unexpectedly rich.

This work is a collaboration with the Luo Group at IUPUI and supported by NSF-DMR 1054020.

16. Sergeii Kuzhel
Title: A class of solvable models with nonlocal point interactions

Abstract: The aim of this talk is to study properties of 1D Schrödinger operators − d2

dx2 +
V (x) with specific point-supported nonlocal potentials V (x) introduced in [1]. We describe
the corresponding subsets of PT -symmetric and P-self-adjoint operators and investigate their
spectral properties. The special attention will be paid to the nonlocal δ-interaction

V (x)u = au(0)δ(x) + u(0)q(x) +

∫
dx[q∗(x)u(x)]δ(x), a ∈ C, q ∈ L2(R)

which is the generalization of the well-known δ-interaction [2]

V u = au(0)δ(x).

The talk is based on results from a common work with Miloslav Znojil.
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17. M Howard Lee
Title: Hamilton-Jacobi trajectories of comets Kohoutek and ISON: A novel approach to celestial
dynamics
Abstract: There is a class of comets which visit the solar system once and never return. These
events are rare, occurring but once or twice a century. Kohoutek observed in 1973 and ISON
in 2012 belong to this class. These remarkable comets are physically characterized by the ec-
centricity e very nearly 1. Thus their trajectories would seem of special interest to celestial
dynamics.



By Hamilton-Jacobi theory we have obtained a general solution for the trajectory in a two-
body solar system. If e < 1, the solution contains Kepler’s three laws. If e > 1, it yields an
analog of Kepler’s law 2, not previously well known perhaps.

The trajectories for the two special comets are obtained by taking the e → 1 limit on the
general solution. By a ”horizon singularity” one can determine how they disappear from the
solar system. By this singularity one can identify this class of comets as they approach the solar
system..

18. Géza Lévai
Title: Unavoided crossing of energy levels in PT -symmetric Natanzon-class potentials
Abstract: The bound-state levels of one-dimensional quantum mechanical potentials are char-
acterized by the n principal quantum number. In the case of real potentials, the bound-state
energies En strictly increase with increasing n, and the energy levels can never be degenerate.
In contrast with the Hermitian case, there are some PT -symmetric potentials that possess two
series of normalizable states, which can be discriminated by the q = ± quasi-parity quantum
number. It was also noticed that varying some potential parameters, energy levels with opposite
q can cross, such that in the crossing point the corresponding wave functions become linearly
dependent. The first examples for this mechanism were found for the PT -symmetric harmonic
oscillator [1] and Coulomb [2] potentials, while more recently this feature was also discussed for
the PT -symmetric Scarf II potential [3].

We discuss two further exactly solvable PT -symmetric potentials, the energy spectrum of
which are also characterized by both the n and q quantum numbers. These are the PT -symmetric
versions of the generalized Ginocchio potential [4] and that of a four-parameter potential [5] that
contains both the Scarf II and Rosen–Morse I potentials as special limits. We show that the
unavoided crossing of energy levels occurs in both cases. Furthermore, we demonstrate that this
is a generic feature of Natanzon-class potentials [6]. Some further consequences of this finding
are also outlined.
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19. Vladimir Lotoreichik
Title: Spectra of definite type in waveguide models
Abstract: We apply the concept of spectrum of definite type, suggested in the abstract theory
of linear operators in Krein spaces, to the investigation of non-selfadjoint waveguides with sym-
metries. Frequently, Hamiltonians of these waveguides are J-self-adjoint and can be viewed as
“small” perturbations of some underlying J-self-adjoint unperturbed waveguide Hamiltonian,
having the tensor structure

T1 ⊗ I2 + I1 ⊗ T2.
A prominent example is provided by PT -symmetric waveguide [1].

We develop an abstract method which helps to show that some subsets in the continuous
spectrum of the unperturbed J-self-adjoint waveguide Hamiltonian are of definite type. Further,
employing perturbation theory for spectra of definite type, we efficiently derive conclusions on the
properties of perturbed waveguide Hamiltonian. Namely, we show absence of non-real spectrum
and normal behaviour of pseudospectrum in a region of the complex plane. These spectral
conclusions are harder to prove using more standard methods, like Birman-Schwinger principle,
in the case that Green’s function of the unperturbed Hamiltonian can not be explicitly computed.
This talk is based on a joint work [2] with Petr Siegl.
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20. Ali Mostafazadeh
Title: Transfer matrix formulation of scattering theory in arbitrary dimensions
Abstract: In one dimension the notion of the transfer matrix allows for the determination of the
scattering content of a potential v(x) from that of any set of its truncations vi(x) provided that
vi(x) add up to v(x). This observation has numerous practical applications, for it reduces the
scattering problem for v(x) to that of vi(x). The problem of finding an analog of this procedure
in higher dimensions has been an open problem for several decades. We give a complete solution
for this problem and discuss some of its applications. In particular we offer an exact solution
of the scattering problem for delta function potential in two and three dimension, a notorious
problem that is generally believed to require renormalization. We also discuss the application of
our approach in the study of slab lasers with a surface line defect.

As far as we know, the formalism to be presented in this talk is the only known alternative to
the standard textbook treatment of quantum scattering theory, which was essentially completed
in the first half of the 20th century. It therefore offers a widely open area of research in its
mathematical aspects and physical applications. The key ingredient of this formalism is a class
of non-Hermitian Hamiltonian operators that are pseudo-Hermitian for real scattering potentials.

21. Ingrid Rotter
Title: Higher-order exceptional points
Abstract: The Hamilton operator of an open quantum system is non-Hermitian. Its eigenvalues
are, generally, complex and provide not only the energies but also the lifetimes of the states
of the system. They show a non-analytical behavior at singular (exceptional) points (EPs).
The eigenfunctions are biorthogonal, in contrast to the orthogonal eigenfunctions of a Hermitian
operator. A quantitative measure for the ratio between biorthogonality and orthogonality is the
phase rigidity of the wavefunctions. At and near an EP, the phase rigidity takes its minimum
value. The lifetimes of two nearby eigenstates of a quantum system bifurcate under the in uence
of an EP. Interesting non-trivial features of open quantum systems appear in the parameter
range in which higher-order EPs create a clustering of second-order EPs and cause a dynamical
phase transition. This result holds true for decaying systems (with loss) as well as for systems
with gain and loss.
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22. Štěpán Starosta
Title: Number theory and spectral instabilities in metamaterials
Abstract: We analyze the spectra of a certain two-dimensional rectangular-well quantum systems
connected with metamaterials. Our approach to the qualitative analysis of the spectra is based
on the means of number theory, mainly on the theory of continued fractions.

23. Rafael Tiedra de Aldecoa
Title: Commutator criteria for strong mixing
Abstract: We present new criteria, based on commutator methods, for the strong mixing property
of discrete flows UN and continuous flows e−itH induced by unitary operators U and self-adjoint
operators H in a Hilbert space. Among other examples, our results apply to time changes of
horocycle flows. Work in part with S. Richard (Nagoya University).

24. Carsten Trunk
Title: On PT symmetric operators in Krein spaces
Abstract: We present our joint efforts (together with Florian Büttner, Ilmenau) in the develop-
ment of an operator theoretic approach to PT symmetric quantum mechanic. A prominent class
consists of the PT symmetric Hamiltonians

(τy)(x) := −y′′(x) + x2(ix)εy(x), ε > 0.



where ε is a real number not smaller than 2, and the eigenvalue problem is defined using a contour
in a Stokes wedge.

In the Sturm-Liouville theory for Hamiltonians with a complex potential there exists a limit
point/limit circle classification which corresponds to the well-known Stokes wedges and lines.

Moreover, we identify a setting where the corresponding Hamiltonian turns out to be selfad-
joint in the Krein space (L2(R), [., .]), where [., .] is given via the Gramian P and Krein space
enters naturally in this area of theoretical physics.

25. Teoman Turgut
Title: Born-Oppenheimer approximation in a singular system
Abstract: We discuss a simple singular system in one dimension, two heavy particles inter-
acting with a light particle via an attractive contact interaction. It is natural to apply Born-
Oppenheimer approximation to this problem. We present a detailed discussion of this approach,
the advantage of this simple model is that one can estimate the error terms self-consistently.
Moreover, a Fock space approach to this problem is presented where a systematic expansion can
be proposed to get higher order corrections. A slight modification of the same problem in which
the light particle is relativistic is discussed in a later section. Here, many body description is
more challenging but with some care one can recover the first order term as well as introducing
a more systematic approach to higher orders.

26. Qinghai Wang
Title: Non-linear Eigenvalue Problems and PT-symmetric Potentials
Abstract: Recently Bender, Fring, and Komijani studied the separatrix solutions of the first two
Painleve transcendental equations. They showed that the initial conditions of these solutions
are closely related to the eigenvalues of PT-symmetric Bender-Boettcher Hamiltonians. In this
talk, we will first extend Painleve transcendentals to a series of non-linear differential equations.
We will then study the non-linear eigenvalue problems associated with these ”super Painleve
equations.” We will show that some, but not all of the separatrix solutions are related with
the Bender-Boettcher Hamiltonians with higher power potentials. A new type of non-linear
eigenvalue problems will also be presented.

27. Pavel Winternitz
Title: Superintegrable systems in classical and quantum mechanics. Background, ideas and new
developments.
Abstract: An n-dimensional classical or quantum Hamiltonian system is superintegrable if it
allows more than n independent integrals of motion with n of them in involution. A maximally
superintegrable system has 2n−1 independent integrals that generate a non abelian algebra under
Poisson or Lie commutation, respectively. The best known maximally superintegrable systems
are the hydrogen atom and the harmonic oscillator. Here we shall review the results of systematic
searches for superintegrable systems with polynomial integrals of motion and connections with
soliton theory. Soliton theory can be viewed as an infinite dimensional analog of the theory
of superintegrable systems. Possible connections with PT invariant quantum mechanics will be
discussed.

28. Günter Wunner
Title: The octagon method for finding exceptional points, and application to resonances of
hydrogen-like systems in parallel electric and magnetic fields
Abstract: In open quantum systems, resonances frequently exhibit avoided crossing on the real
energy axis when the physical parameters of the systems are varied, indicating the presence of
an exceptional point in the complex energy plane for a specific set of the parameters. Here we
consider resonances in hydrogen and cuprite (Cu2O) excitons in parallel electric and magnetic
fields. Starting from an avoided crossing we develop an iterative algorithm to precisely determine
the field strengths where exceptional points occur. For the hydrogen atom the calculated field
strengths turn out to lie in an experimentally inaccessible regime. However, for cuprite excitons,
a corresponding semiconductor analogue of hydrogen, the exceptional points appear at much
smaller field strengths, in the range of 10 Tesla and 100 Volts/cm. Therefore by putting cuprite
crystals into parallel electric and magnetic fields and by measuring photo absorption spectra it
will be possible to experimentally verify the existence of exceptional points in a real quantum
system.



Work done in collaboration with Matthias Feldmaier, Jörg Main, Frank Schweiner and Holger
Cartarius.


