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• self-adjoint Schrodinger operator with 
inverted quartic potential 

• quantum-cosmological application

• (motion along real axis, position x is bona-
fide observable)

�x

4
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• Introduction and set-up of problem: 
Robertson-Walker minisuperspace

• Non-empty Robertson-Walker 
minisuperspace

• inner products, boundary conditions, and 
the problem of time

• Domain of the self-adjoint hamiltonian 

Outline:
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Roberston-Walker Minisuperspace

* a theory for the Universe in the Planch epoch (where quantum 
gravity kicks-in), before commencement of inflation. 

* according to cosmomolgical principles, the Universe is described by 
an isotropic and homogeneous geometry. The standard model for this 

is the Robertson-Walker metric:

a(⌘)  - the scale factor: the only dynamical degree of 
freedom 

ds2 = �N2
?d⌘2 + a2(⌘)d⌦2

3

- the lapse-function: a pure gauge d.o.f., non-dynamicalN?

conventions: ~ = c = 1, GN =
1

M2
p

=
3⇡

4

standard line element on the unit three-
sphere
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• superspace - space of all possible quantum 
states of the metric

• minisuperspace - restriction to simple 
geometry like RW (with only one 
dynamical d.o.f., reminiscent of the 
collective coordinate method for quantizing 
solitons)
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pure gravitational action for RW metric:

Sg =
Z

d⌘N?


a

✓
1� ȧ2

N2
?

◆
� ⇤a3

3

�

⇤ cosmological constant; ⇤ � 0

ȧ =
da

d⌘
⌘ arbitrary evolution parameter; 

gauge symmetry: reparametrization invariance under

⌘ ! ⌘0(⌘)
together with

N?d⌘ = N 0
?d⌘0 einbein, square root of g⌘⌘

a(⌘) = a0(⌘0) scalar under reprametrization
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is a pure gauge non-dynamical d.o.f., it has no conjugate momentum

Sg =
Z

d⌘N?


a

✓
1� ȧ2

N2
?

◆
� ⇤a3

3

�

N?

Pa =
@L

@ȧ
= �2aȧ

N?

H = �N?

✓
1
4a

P 2
a + a� g2a3

◆
g2 =

⇤
3

gauge invariance yields the constraint (in Dirac’s parlance - a secondary first class constraint)

� @H

@N?
=

1
4a

P 2
a + a� g2a3 = 0

(it is the analog of the Gauss’ Law first class constraint in QED)
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the constraint � @H

@N?
=

1
4a

P 2
a + a� g2a3 = 0

requires a gauge fixing condition, e.g.:

* N? = const. 6= 0

in this gauge,     becomes essentially the proper time ⌘ ⌧

** a more interesting gauge condition is 
the conformal time gague          : 

N? = a(t)

⌘ = t

H = �N?

✓
1
4a

P 2
a + a� g2a3

◆
= �

✓
P 2

a

4
+ a2 � g2a4

◆
in which the hamiltonian has the standard kinetic term

�a4 potential
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Quantization (in coordinate representation) 

a! â

Pa ! P̂a = �i
@

@a

physical states should be annihilated by the constraint:

�
✓

1
4a

P 2
a + a� g2a3

◆
 (a) = 0

(ignored operator ordering issues here, they are not very important for our purposes)

 (a) wave function of the Universe

This is the Wheeler-DeWitt equation

a wave function for the physical state of the Universe, describing it in a gauge-invariant manner

the analog of the WDW equation in QED is that the Gauss-Law constraint annihilates all physical states:

(r · E� 4⇡⇢) |physi = 0
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the WDW equation describes essentially a particle moving in the potential 

V (a) = a2 � g2a4

with zero total energy. 

finite classical time-of-flight to infinity!

T =
Z 1

a0>1/g

dap
�V (a)

<1

Based on semiclassical considerations, a wave packet released from some finite    ,will reach 
infinity in finite (conformal) time. Thus, we have to impose appropriate boundary conditions at 

infinity, in order to preserve quantum probability, i.e., ensure unitary time evolution 

a

Since              , appropriate b.c. have to be imposed at            as wella � 0 a = 0

Defining a self-adjoint extension of the hamiltonian is inevitable
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Nonempty RW Minisuperspaces
for concreteness, consider filling the Universe with scalar field conformally coupled to the RW 

metric (ignore, for simplicity, quantum perturbations to the metric itself)

�(⌘,x) scalar field

homogeneous and isotropic case�(⌘)

� = ⇡a� rescaled scalar field

total action for gravity and matter fields:

S
tot

= S
g

+ S
matter

=
Z

d⌘N?


�a

ȧ2

N2
?

+
a�̇2

N2
?

+ a� g2a3 � �2

a

�
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total hamiltonian

H
WDW

= H
tot

=

�N?
a


1
4
P 2

a

� 1
4
P 2

�

+ a2 � g2a4 � �2

�

quantization - in the coordinate representation: 

P� = �i
@

@�
, Pa = �i

@

@a

Wheeler-DeWitt equation:
✓
�1

4
@2

@a2
+ a2 � g2a4 +

1
4

@2

@�2
� �2

◆
 (a, �) = 0
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separation of variables:  (a,�) =  a(a) �(�)

✓
�1

4
@2

@a2
+ a2 � g2a4

◆
 a(a) = E a(a)

✓
�1

4
@2

@�2
+ �2

◆
 �(�) = E �(�)

is some non-negative eigenvalue, either of the first equation or the second one   

E � 0  due to energy condition on matter fields

E

we obtained two Schrodinger equations

the space of physical states is spanned by all these solutions
need to equip them with time-independent inner product, in order to form the 

Hilbert space of physical states 

a well-defined inner product has to be time independent so that there be no conflict between time 
evolution of physical states and the definition of Hilbert space at each time slice 
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Inner Products, Boundary Conditions, and the “Problem of Time”

Quantization requires gauge-fixing, namely, a definition of 
“time”. The freedom left in making such a gauge choice 
leads to the “problem of time” in quantum cosmology. 

In our simple model, we can either choose matter fields as  
clock (i.e., as time coordinate), or the scale factor.   

These choices lead to utterly different Hilbert spaces of 
physical states, and consequently, to different physical 

realities. 

Self-adjointness of the (spatial part) of the WDW operator 
plays an important role in all these considerations
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Construction of inner products:
currents J1,2

a,� = i ⇤
1

 !
@ a,� 2

 1,2 any pair of solutions of the WDW equation

✓
�1

4
@2

@a2
+ a2 � g2a4 +

1
4

@2

@�2
� �2

◆
 (a, �) = 0

current conservation: can easily check the identity

@aJ1,2
a � @�J1,2

� = 0
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choice number 1: scale factor as time a = t

inner product:

h 
1

| 
2

i
(a)

= �i

1Z

�1

d�[ ⇤
1

(a, �)
 !
@ a 2

(a, �)]|a=t=const.

= �
1Z

�1

d�J1,2
a

impose time independence:

@th 1| 2i(a) = @ah 1| 2i(a) = J�(� = �1)� J�(� = +1)

time independence of inner product implies

J�(� = +1)� J�(� = �1) = 0
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This condition holds automatically due to finiteness of the inner product, which means spatial motion 
along     follows that of the harmonic oscillator, with                    being the usual HO wave functions 

and                     the corresponding eigenvalues, and of course 
�  �,n(�)

En = n + 1/2

J�(� = +1) = J�(� = �1) = 0

The spatial part of the WDW operator is automatically self-adjoint in this domain and there are no 
further constraints 
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choice number 2: matter field as time

inner product:

� = t

h 
1

| 
2

i
(�)

= �i

1Z

0

da[ ⇤
1

(a, �)
 !
@ � 2

(a, �)]|�=t=const.

= �
1Z

0

daJ1,2
�

impose time independence:

@th 1| 2i(�) = @�h 1| 2i(�) = Ja(a = 0)� Ja(a = +1)

time independence of inner product implies

J1,2
a (a = +1)� J1,2

a (a = 0) = 0
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Unlike the previous case, this condition sets non-trivial 
constraints on the spectrum of the spatial part of the 

WDW equation
✓
�1

4
@2

@a2
+ a2 � g2a4

◆
 a(a) = E a(a)

and requires the Schrodinger operator be self-adjoint. This 
is a non-trivial demand, since the potential energy is not 

bounded from below. 
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a suitable boundary condition at a = 0 in order to make
them self-adjoint. Such a boundary condition is a neces-
sary datum purely &om the Schrodinger theory point of
view and for this reason we will impose such a condition
on wave functions below. However, which boundary con-
dition at a = 0 must be imposed on (1.10) and (2.8) in
order to describe quantum cosmology is a highly contro-
versial ~issue. Indeed, unlike its usefulness at large radii,
the minisuperspace formalism we use in this paper might
break completely at extremely small radii of the Universe
because of the true singularity of (1.1) at the point a = 0.
Should this happen, (1.10) and (2.8) will become useless
at a m 0 as well as their solutions. The region u » 1/g,
on the other hand, is certainly in the validity domain of
the minisuperspace quantization scheme. We may thus
trust the wave functions resulting Rom the WOW equa-
tion only for large universe radii, as far as cosmological
interpretations are concerned.
As was discussed in the Introduction, the fact that the

time of Hight (1.9) of a classical particle moving in the
potential (1.8) to infinity is finite has a very important
consequence. Namely, it efFectively turns the spectral
problem involving the Hamiltonian on the left-hand side
of (1.10) into a problem defined on a finite segment, de-
spite the fact that 0 & a & oc. This calls for an appro-
priate boundary condition on wave functions at a = ao
as well. The boundary condition imposed at a = 0 must
be consistent with the one set at a = ac. Thus, in prin-
ciple, there is some infIuence by the a = 0 end point
(where the minisuperspace formalism is suspicious) on
the asymptotic behavior of the wave function of the Uni-
verse as o, -+ oo (where the minisuperspace formalism is
surely valid). We comment on this point in Sec. IV.

III. DOMAIN OF THE SELF-ADJ(DINT
HAMILTON)NIAN DEFINED (3N THE RA%

0&~&ao

Consider a particle of mass m, moving in the one-
dimensional potential

V(x) = x' —g'z', x & 0 (3.1)
having energy 0 ( E ( 1/4g . There are two classically
allowed regions for this range of energies, 0 & x & x»
and z ) x2. Here z2(E) ) xi(E) & 0 are the two classi-
cal turning points, namely, the two positive real roots of
V(z) = E
A wave packet with energy distribution peaked at E

will move in (3.1) from x, & x2 to infinity in a finite
period of time

dxt~ —— (3.2)

raising the question what will happen to the wave packet
as it "hits" the point at inanity or equivalently, how is
probability conserved in such a system. Therefore, on
account of (3.2), unbounded motion in the potential (3.1)
behaves in many respects as if it were bounded, and the
point at infinity appears as if it were the end point of a
finite segment [7].
Probability conservation requires that the Hamiltonian

governing this system be self-adjoint. This requirement
on the domain of definition of the Hamiltonian is by no
means trivial, since wave functions in the potential (3.1)
have only powerlike decay while their f»rst derivatives
blow up at infinity, as can be most easily seen by writing
down the leading &KB approximation

C~(z)-, Ci(E)sin
2
/2m[E —V(y)]dy —— +C2(E) cos +2m[E —V(y)]dy —~/4

X2

(3.3)

to a generic solution of the Schrodinger equation

1, + V(x) C&(z) = E@&(z)2m dx (3.4)

in region x & x2. Finiteness of t~ in (3.2) means that
(3.3) is square integrable for any value of E, but this
is not true of its first derivative. Because of the fact
that V(x M oo) -+ —oo, local de Broghe wavelengths
of the particle become extremely short very quickly as it
moves deeper into the classically allowed region render-
ing the WKB approximation more and more accurate as
x -+ oo. It is therefore enough to limit our discussion
to the framework of the WKB approximation [7]. Such
asymptotic behavior of 4(z) and @'(z) as x -+ oo is in (A@,~@,) = (4,~H@2) . (3.5)

Using the coordinate representation and integrating by
parts, (3.5) implies

t

clear contrast with the exponential fallofF of both bound
state wave functions and their first derivatives in cases of
potentials that are bounded from below. In particular, it
implies that there can be two square integrable linearly
independent solutions of (3.4) sharing the same parame-
ter E because their constant Wronskian need not vanish.
Thus, square integrability is not sufI»cient to determine
the spectrum. , and what is needed is an explicit boundary
condition at infinity which should be treated as if it were
really a f»nite boundary point.
For any two states 4» and 42 in the domain of the

self-adjoint Hamiltonian we must have

Recall that this is also the region of scale factor a = x
values where minisuperspace analysis is most valid anyway.

d@* , d@2
dx dx

=0 (3.6)
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This is precisely the consistency condition (2.15) encoun-
tered above.
Considering nontrivial domains of the self-adjoint op-

erator H, the current J = i/2(@qB 4i —@i0 42) must
vanish at the two boundary points, since otherwise a par-
ticle reaching x = oo will have to reappear at x = 0 or
vice versa. While such a periodic boundary condition
is relevant for quantization of a particle in a Gnite rigid
box [6], it is clearly improper here because in our case
V(0) = 0 while V(oo) = —oo. We back this qualita-
tive argument by an explicit calculation presented in the
Appendix where we show that if the current J does
not vanish, the domain of. the self-adjoint operator H
becomes trivial and collapses into a single ray.
Therefore, studying nontrivial domains, (3.6) may be

replaced by the stronger condition

d@1 , d42 (x ~ oo)

oo

(E) = /2m — [gE—V(y) —gn —V(y)]dy
Z2 (E)

X2(E)
+ v' —V(~)d~),

~2(n)
(3.12)

&-(E)

' j'lC ('-') dj, E & 0,
1+$2

(3.13)

where x2(n) is the largest root of V(x) = n. Substitut-
ing the specific potential (3.1) into (3.10) and integrating
over E we obtain

(x = 0) = 0 . (3.7)d@2
dx dx

cot(P (E)) =-C2(E)
1

(3.8)

where o. is a parameter that wave functions depend upon
and will be determined later. In terms of P (E), (3.3)
becomes

( l Ci(E)
[E—V(x)]'&4sing (E)

X cos
(e)
/2m[E —V(y)]dy

+&-(E)——4 (3.9)

The cosine in (3.9) oscillates very rapidly as x ~ oo
and therefore (3.7) will not be met (for Ei g E2) unless
the argument of the cosine becomes independent of E as
x ~ oo: namely,

8 /2m[E —V(y)]dy+P (E) = 0, x + oo .
~2 {&)

(3.io)

In order to solve (3.10) we need to specify an initial con-
dition in E; this is how the parameter o. gets in. One can
choose

We show now that (3.7) will not hold (at x ~ oo)
for generic alii ——4'@, and @z ——illa, , Ei g E2, unless
some special choice of the functions Ci(E) and Cq(E) in
(3.3) is made. To make this point clearer, it is useful to
introduce the phase P (E) defined by [7]

where z(E) = (1 —4Eg ), C~ = I,( l ( &[((,
1)/2(2]d(, and |c(m) [f(m)] is a complete elliptic inte-
gral of the first [second] kind [we use Z(m) below]. Here
we have also assumed o. ( 0 so that C & 0 as well.
Prom (3.12) we see that for x ~ oo (3.9) approaches

(cx) C1
[E—V( )] & . y. (E)

x cos +2m [n —V(y)]dy ——
»(~)

(3.14)

@~(x= 0)
@&(x= 0) (3.i5)

where P is a fixed real nuinber [3—6].
In a similar manner to (3.9) we write the WEB solution

of (3.4) as

Cs(E)
[E—V(x)] ~ sin(p(E)

*.(~)
X cos +2m[E —V(y)]dy

where the argument of the cosine is indeed E indepen-
dent. It is clear now that (3.7) will hold at x ~ oo for
any pair of functions 4&, 4'& of the form given by (3.9)
and (3.12). These functions form a family of solutions of
the Schrodinger equation (3.4) parametrized by the sin-
gle (real) parameter n. These are not eigenstates of the
Hamiltonian, as we have not imposed (3.7) at x = 0 yet.
To this end we note that a necessary and sufBcient con-
dition for vanishing of the probability current at x = 0
1s

(E=n) =0 (3.11)

and the solution of (3.10) [subjected to (3.11)] is [7] and (3.15) fixes
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p ) ag(E')
(p(E) =arctan / V 2m[E—V(y)]dy .

& /2mE) o

(3.17)

Eigenstates of (3.4) are obtained by matching (3.9)
[subjected to (3.12)] and (3.16) and (3.17). Using the
ordinary WKB matching conditions we obtain the corre-
sponding "Bohr-Sommerfeld" quantization condition on
E: namely,

@( ~)(x) = ) c„ill~('~)(x), (3.22)

an accumulation point at 1/4g ). It is moreover bounded
neither &om below, nor &om above and contains there-
fore an infinite amount of discrete states. Thus, the do-
main 'V '~ of the self-adjoint Hamiltonian is the set of all
discrete linear combinations of the form

4 tan P (E) = e ( ) tan ——(p(E)4 (3.18)
where g„]c„~ ( oo which yields an infinite dimensional
Hilbert space.

where
(z')

A(E) = /2m]E —V(y)]dy»(x)
+2m+, (E) ( ~, (E)' )

3g q x,(E)')

&2(E)' (3.19)

So far we have concentrated on the energy range
0 ( E & 1/4g . Our discussion may be extended in
a straightforward manner to the complementary energy
ranges E ) 1/4g and E & 0 as well. For example, the
quantization coiidition corresponding to E ) 1/4g reads

tan (/2m[E —V(y)] —+2m[n —V(y)]dy
0

. (320)2mE

Note the explicit dependence of energy eigenvalues and
eigenfunctions upon n and P. The spectrum is therefore
a two-parameter family g& ' (x)), parametrized by n
and P as it should be in this case of separated bound-
ary conditions according to the general theory of self-
adjoint extensions [3—6]. Because of (3.2) the point at
infinity appears as if it were a 6nite end point and the
whole quantum system behaves as if it were defined on
a finite segment, where n and P parametrize boundary
conditions at the two end points. The set of functions

(x)) spans the domain of the self-adjoint Hamilto-
nian, namely, the space of all square integrable functions
that satisfy (3.7).
Note that the WEB density of states

m " 8[E—V(x)]
o /2m[E —V(x)] (3.21)

which is proportional to (3.2), is finite (as long as E g
1/4g ). The spectrum must be therefore discrete (with

IV. QUANTUM COSMOLOGICAL
IMPLICATIONS

+(o ~) = ).c-&-(a)@x-(~)
where c„are complex constants, gz„(y) is the nor-
malized harmonic-oscillator eigenstate corresponding to
eigenvalue E = (n+ 1/2), and vP „(a) is a normalized
solution of (2.8) with parameter E = E„,9 so that matter
excitations are seemingly those of a &ee field. Because
of the orthonormality of the @x„(y) the inner product
(2.11) of any two such states is simply

(ly(i)]@(2)) —) c(2)~ (i) (4.2)

The most important observation made in Sec. II (as
far as the simple cosmological model discussed there is
concerned) is that time independence of the inner prod-
uct in the definition of the physical Hilbert space leads
to the requirement that the spatial part of the WDW
operator, which is a one-dimensional Schrodinger opera-
tor, be self-adjoint. We saw in that section that one can
choose time parametrization either in terms of the mat-
ter field y or in terms of the scale factor a of the Universe
and that these two choices of time parametrization lead
to diR'erent physical realities. In our view this is an ex-
treme manifestation of the problem of time in quantum
cosmology.
Our discussion in the previous two sections makes it

clear that one may trace this discrepancy of physical real-
ities to the fact that the two choices of time parametriza-
tion lead to two utterly di6'erent physical Hilbert spaces.
The reason for this di6'erence stems directly &om the re-
quirement that the (spatial part of the) WDW operator
be self-adjoint. In this section we sharpen this distinc-
tion and investigate its cosmological implications in more
detail.
Let us Grst concentrate on parametrization of time in

terms of the scale factor a. Prom the discussion following
(2.11) it is clear that a generic physical state has the form

For E -+ 1/4g (3.21) diverges logarithmically in
1/4g'~.

Recall from our discussion in Sec. III that these solutions
are normalizable because of the finiteness of (3.2), as long as
E g 1/4g .


